A simple, general and practically exact method, Entanglement Perturbation Theory (EPT), is formulated to calculate the ground states of 2D macroscopic quantum systems with translational symmetry. An emphasis will be placed on the applicability of EPT to fermions. We will discuss some preliminary evidences which indicate a potential of EPT.
A simple, general and practically exact method, Entanglement Perturbation Theory (EPT), is formulated to calculate the ground states of 2D macroscopic quantum systems with translational symmetry. An emphasis will be placed on the applicability of EPT to fermions. We will discuss some preliminary evidences which indicate a potential of EPT.
PACS numbers: 71.10.Fd, 71.27.+a, 75. 10.Lp To calculate the partition functions and solve the Schrödinger equations for macroscopic quantum systems are undoubtedly the most fundamental problems in theoretical physics. It would not be an exaggeration to say that the history of development of quantum theory is primarily that of pursuit of a variety of methods to this problem. Methods are roughly categorized into two, a variety of mean field theories and otherwise. The essence of mean field theories is to make truncations of correlations [1] . The merit of mean field theories lies in an essential simplification of calculations. When the systems of interest are very complex with many local degrees of freedom, such as involving electrons of orbital degeneracy and phonons, mean field methods are currently the only methods available. The penalty is, nevertheless, conceptually huge: if we don't know the importance of those neglected correlations, we are not sure how good the results of mean field approximations are. This is precisely the starting point and motivation of non-mean field theories. Here we currently have roughly three methods. First are rigorous methods such as Bethe Ansatz [2] [3] [4] [5] [6] [7] [8] [9] . In spite of its remarkable success over the last several decades, a major drawback of rigorous methods is that they are mostly limited to 2D classical or 1D quantum systems of rather special structures. Second are numerical simulations such as exact diagonalization and Monte Carlo [10] . With an ever-increasing computer power and a steady supply of various ingenious ideas in algorithm, they provide a solid starting point often with a superb accuracy, but the finite size problem continues to be a serious issue. The negative sign problem is yet another serious problem in Monte Carlo. Third is the method of NRG (numerical renormalization group), initiated by Wilson [11] , developed further first by White's DMRG (density matrix RG) [12] and most recently by Vidal's ER (entanglement renormalization) [13] . However, the inability of DMRG for two dimensions is now clear and one still needs to see how much that inability of DMRG can be improved by ER. Indeed, a deep question remains, namely how far one can go with the very idea of the Hilbert space truncation.
In recent Letters, one of us (SGC) started a novel many-body method to calculate partition functions for 2,3 dimensional macroscopic classical systems and the ground states of macroscopic quantum systems in one dimension [14, 15] . Let us call this method as EPT (entanglement perturbation theory). We here extend the EPT to calculate the quantum ground states in two dimensions. Of particular interest is how the EPT handles the fermion anticommutation algebra leading to infinite range correlations among fermions. Let us call this problem simply the sign problem in a wider sense [16] . No existing non-mean-field methods can handle this sign problem satisfactorily. We will show that the 2D fermions can be formulated by EPT in a slightly complex but executable way. We will give some preliminary results for the spin 1/2 Heisenberg antiferromagnet and the Hubbard model both on a square lattice, demonstrating a significant potential of EPT in concept, no RG and no finite size problem, and simplicity and practical exactness in numerical implementation.
Spins and bosons. As an example of spins and bosons, let us consider the Heisenberg antiferromagnet (HA) on a square lattice. The 2D HA model describes the antiferromagnetic interaction between near neighbor spins with exchange coupling J,
where σ i is the Pauli spin matrix at the site i. To calculate the ground state of the Schrödinger equation
we follow the following steps. First, instead of (2), consider the eigenvalue problem for the density matrix
But unlike Monte Carlo and NRG simulations for the ground states, our β is not the inverse temperature, it is a mere parameter here, β → 0, and thus the largest eigenstate of the operator 1 − βH gives the ground state. As will become clear below, this simple trick enables EPT to efficiently use the power of transfer matrix method. Second, we note a decomposition of the density matrix,
where "vc" and "hc" denote vertical and horizontal chains, and the every single chain density matrix is further decomposed into two bond groups: the even group connecting the sites (2i, 2i + 1), and the odd group connecting the sites (2i + 1, 2i + 2), where i is the site index along the chain,
Now the local bond density matrix should be further decomposed as,
where and below the repeated indices imply a summation, and f α takes four operators, 1, √ βJ σ x , √ βJ σ y and √ βJ σ z and g α likewise operators at site j. Thus the matrix product representation of the even group bonds in the density matrix is,
and the same expression for the odd group bonds with one lattice shifted from the even group case. Putting together, we have the matrix representation of the density matrix (5) for a horizontal chain as,
The density matrix for a vertical chain K vc is the same as that for a horizontal chain, K hc , Eq.(7). Shifting one lattice from row to row and column to column, to get a checkerboard-type repetition of Γ 1,2 in horizontal and vertical directions, we get a 2D extension of
αβγδ , where we have used the same notation Γ for both 1D and 2D. The total density matrix in 2D is thus expressed as a bipartite Γ 1,2 network as in Fig.1 . Note that this is a straightforward extension of the 1D case to 2D [15] .
Third, the ground state wave function can be written also as a straightforward extension of the 1D case, as in Fig.1 , where ζ 1,2 now have 4 legs, left-right-up-down each running 1 − p, where p is the entanglement in 2D, in addition to the fifth leg representing the 2 local states | ↑ and | ↓ . This tensor product form of the wave function in 2D can be derived by a repeated application of SVD (singular value decomposition) just like in 1D [15] . Note that the bipartite structure of the total density matrix is
Schematic representation of the density matrix eigenvalue problem, Eq.(3)
FIG. 2: Schematic representation of the numerator ΨKΨ.
a pretense, the Hamiltonian has a translational symmetry. We choose wave function to be of bipartite structure to allow for a possible antiferromagnetic phase. We thus arrive at a schematic representation, Fig.1 , of the density matrix eigenvalue problem, Eq.(3). An important comment here is on a possibility of broken-symmetry ground states of different types. For instance, a spin density wave-type ground state may be possible for some class of systems. The extension of EPT along this line would be a very important future problem [17] . Fourth, we consider the variational problem µ = ΨKΨ/ΨΨ → max, where K = e −βH , by iteration starting with an input state for Ψ. The numerator is essentially a partition function of the 2D network of the object Ξ 1,2 , cf. Fig.2 . The 4 legs of the object Ξ 1,2 , runs 1 − rp 2 , where r = 4 is for the interaction channel, cf. Eq. (6) . Note that, if Ξ 1 and Ξ 2 are the same, the calculation is essentially that of the partition function for the 2D Ising model [14] . Owing to the macroscopic system size, our job is to calculate the largest eigenvalue and eigenvector of a 1D infinite object shown in Fig.3 . Let us denote this object simply as Ξ. Considering the bipartite structure of Ξ 1,2 and absence of right-left symmetry, the appropriate right eigenvector ϕ R should have a bipartite structure, characterized by ξ 1,2 , and likewise left eigenvector ϕ L characterized by ξ 3,4 . Again, we
Schematic representation of a 1D infinite object Ξ and its eigenvalue problem. The bottom figure shows a unit structure whose repetition along the vertical direction forms the quantity ϕLΞϕR.
solve this eigenvalue problem by variation. We pursue
A local ingredient of the numerator is shown in the bottom of Fig.3 . This quantity is regarded as a p 4 r 2 q 2 x p 4 r 2 q 2 matrix A, where q is the second entanglement associated with the wave functions ϕ L,R . The real nonsymmetric matrix A can be written as A = RνL tr where the matrices L, R, and ν are made up of left eigenvectors, right eigenvectors and eigenvalues of A and tr means the transpose. The eigenvectors are normalized as L tr · R = 1, and due to this property, the summation over the combined entanglement-bond indices of dimension p 4 r 2 q 2 in the numerator can be done N − 1 times, N → ∞ in the end, and thus we only keep the largest eigenvalue ν 0 and eigenvectors L 0 and
The denominator ϕ L ϕ R is handled likewise. Let us denote the corresponding largest eigenvectors asL 0 andR 0 and eigenvalue as ρ 0 . At this point we realize the "Russian doll" structure, namely the above eigenvalue problems and our procedures to solve them are essentially those in our study of the 1D model, cf. Fig.1 in [15] . The Ξ 1,2 corresponds to Γ 1,2 in the 1D model, ξ 1,2 corresponds to ζ 1,2 in 1D, with a difference here being the absence of left-right symmetry, so that we need the left eigenstate ϕ L made up of ξ 3,4 as well as ϕ R of ξ 1,2 . We will not write down rather lengthy indexes involved in the resulting eigenvalue equations for ξ 1,3 and ξ 2,4 , but they essentially look like
for i = 1, 2 where M i and N i are square matrices constructed out of
The eigenvalue problem for ϕ L,R is thus reduced to solve these two nonlinear, generalized eigenvalue problems by iteration. Note that the largest eigenvalue κ 0 calculated from the two eigenvalue problems should coincide when the iteration converges.
The above procedure is for ΨKΨ. We repeat the procedure for ΨΨ which is simply to replace Γ 1,2 in Ξ 1,2 by unity, and the resulting object is denoted as Υ 1,2 . Corresponding to ϕ L,R we write χ L,R , corresponding to ξ 1−4 we write η 1−4 , and we get similar eigenvalue problems as Eq. (8) ϕ L Ξϕ R , where the suffix "o" indicates the largest eigenvalue. On the other hand, the resulting composite is already analyzed above as,
Note that we took in the above variation of the last quantity with respect to ξ 1−4 . We now take variation of the same quantity with respect to ζ 1,2 . The two matrices M i in Eq.(8) and X i below are therefore closely related to each other. The denominator ΨΨ can be analyzed likewise. In the end, the variational problem µ = ΨKΨ/ΨΨ → max is reduced to nonlinear, generalized eigenvalue problems for ζ 1,2 . It is written schematically as,
for i = 1, 2, where X i and Y i are some symmetric matrices. We solve this equation for the next ζ 1,2 until convergence.
Finally after the convergence, we can calculate various ground state properties. In general, the expectation value of the two operatorsÂ andB sitting on the adjacent sites is calculated as ÂB = ΨÂBΨ/ΨΨ. Now
where Υ is obtained from Ξ by replacing Γ 1,2 → 1, χ L,R are the left and right eigenvectors of Υ corresponding to the largest eigenvalue ǫ 0 . Υ(ÂB) is obtained from Υ by insertingÂB into a vertical or horizontal bond. Likewise the matrix D is obtained from the object at the bottom of 
In some preliminary calculations below, we have used the parameter β = 10 −6 . We have checked β = 10
with negligible differences. The convergence criterion is ζ
, and for ξ and η, the similar criteria be less than 1 · 10 −7 . When this condition is met in the latter case, the relative change in the largest eigenvalue often hits 10 −15 , the machine precision. Fermions. Let us move on to fermions. As a representative 2D fermion system, we consider the Hubbard model on a square lattice,
where t is the transfer integral, U is the onsite Coulomb potential and c iσ , c † iσ are the annihilation and creation operators for electrons at site i and spin σ. We take t as the energy unit. To proceed as in spins and bosons, we first rewrite the Hamiltonian (12) as a sum of a local bond Hamiltonian,
with
where the chemical potential µ is introduced to control the electron number per site. Following Eqs.(2-5), Eq.(6) now becomes
where Ω α takes five operators, 1 − βU
, and c i↓ and Θ α likewise operators at site j.
We now come to the point where dimensionality matters. We need to specify how we represent the ground state. We here order the 2D lattice sites as 
· · · where "1" is unit matrix, and therefore can be written as an operator product of local matrices,
where etc. Note that the −1 in the f 2 matrix is due to the fermion anticommutation algebra. With this new f α and g α , Eq. (7) holds for the fermion K hc . Note that due to our choice of ordering of lattice sites, the fermion anticommutation algebra appears only locally for the horizontal-chain density matrix. The sign problem, a global effect of anticommutation algebra, arises for the vertical part. To see this, consider the matrix element of a local, vertical-bond density matrix connecting the sites (i,j) and (i+1,j), where row i is one layer above the row i + 1 and column j is one column left of column j + 1. The matrix element reads, (18) where S α is a unit matrix for the even operator, α = 1 and The operator network of a bipartite Γ 1,2 with an infinite string of S matrices attached to each and every vertical bond, appears hopelessly complex but not impossible. Remember that our parameter β → 0 in the density matrix. Thus we only need to retain the β linear terms, which brings us back to the original Schrödinger equation. From this viewpoint, we can reformulate EPT in the following way. Variationally, the Schrödinger equation is equivalent to minimize unit ΨH unit Ψ/ΨΨ where H unit denotes a 1D subset of the Hamiltonian as denoted by solid lines in Fig.4 . Now due to translational symmetry, one can write the numerator as the total number of units times an expectation value of H unit in the row 0. Then, a lack of translational symmetry of this quantity ΨH unit Ψ in the vertical direction concerning ζ 1,2 means that we have to variate a vertical string of ζ 1,2 , namely we need to carry out
where δ i means to variate ζ 1,2 in the row i, cf. Fig.4 . Summing over the entire rows i, the Hamiltonian and hence the Schrödinger equation are recovered. Clearly, we now have to calculate not only the ground state but also the excited states χ k L,R , k = 0, 1, 2, · · · of the fermion version of the infinite object Υ and associated eigenvalues. An important note is that, due to the translational symmetry of the H unit along the horizontal direction, the excited states χ as in spins and bosons, but ξ 1−4 are not needed here, and the variation of Eq.(19) with respect to ζ 1,2 leads to similar eigenvalue problems as Eq. (9).
Preliminary calculations. We have done a preliminary calculation on the spin 1/2 HA model, cf. Eq(1). The simplest case p = 1 is soluble by hand. In fact, putting
we easily find that the energy per bond is Thus the ground state at p = 1 is the Néel state with a staggered magnetic moment exactly 1/2, no quantum reduction. This result was reproduced by our EPT to the machine precision. Moving on to the case p > 1, we have so far examined the case (p,q)=(3,1) with a result; energy per bond is −0.34J, and the staggered magnetic moment is 0.39. The energy perfectly agrees with the spin wave-Monte Carlo-exact diagonalization results [18] [19] [20] , but the staggered moment 0.39 is appreciably larger than their result 0.31, rather close to the perturbation expansion from the Ising limit to the order of J 10 [21] , which gives 0.385. We certainly need to pursue a stable and converging EPT algorithm to reach a clear conclusion.
We have also done a calculation on the 2D Hubbard model ignoring the global, infinite string of S matrices with an anticipation that this global sign problem should become less and less important for larger Coulomb repulsion where electrons are strongly localized. The calculation takes much more time, and we have tested only one point in the U -electron number per site plane; U = 8 and half-filling. In the case (p, q) = (3, 2), we have found the ground state energy per site = −0.473, and a Néel state with a staggered magnetic moment 0.45. A remarkable precision of EPT can be seen in the sublattice magnetic moments, S 1 and S 2 . We found that S 1 = − S 2 to the precision of 10 −4 . In fact, we have chosen the point U = 8 and half-filling, because a Monte Carlo result was available for the energy, −0.48±0.005 [22] , which is very close to our result -0.473. On the other hand, the staggered magnetic moment appears to be too large, urging again a pursuit of stable and converging EPT algorithm. An interesting point is that, due to the bipartite structure, we can check the symmetry of the superconducting order parameter, s-wave or d-wave. For instance, the d-wave order parameter reads as [23] ,
where 0 indicates a reference site, ±x indicates one lattice to the right or left, and ±y indicates one lattice up or down. It should be worth emphasizing that our local basis is grand canonical, |0 , | ↑ , | ↓ and | ↑↓ , and the electron number per site is controlled by the chemical potential, thus our EPT has an ability to calculate the superconducting order parameter. For U = 8 and at half-filling with (p, q) = (3, 2), we have found no superconductivity, the order parameter |∆ d | < 4.10 −4 , as is anticipated.
In conclusion, we have formulated EPT for the quantum ground states in two dimensions. The key point of EPT is that it does not truncate the Hilbert space (no RG), nor has the finite size problem. Our preliminary calculations on the 2D HA and the Hubbard model show that EPT is computationally feasible. A fortunate situation for EPT is that, due to the fact that it is based on the local basis, the free electron gas is most challenging but of course soluble by hand. Moreover, the fermion sign problem can still be handled by EPT: An essential difference from spins and bosons is that we need to calculate the excited states of the 1D infinite object Υ but with an essential simplification that only the excited states with the same translational symmetry as the ground state need to be calculated, making the EPT calculation highly executable. We thus recognize the following issues for EPT: (1) To establish a stable and converging numerical procedure. (2) To calculate the translationally invariant excited states of Υ and treat 2D fermions on a rigorous footing. Finally, it is known that Monte Carlo encounters a negative sign problem not only in fermions but also in spins on a frustrated lattice such as Kagomé. EPT is free from this difficulty, and the quantum spin liquid issue offers an excellent testing ground for EPT.
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